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A regular covering projection ℘ : X → X of connected graphs is said to be elementary
abelian if the group of covering transformations is elementary abelian, and semisymmetric
if the fibre-preserving group acts edge- but not vertex-transitively. Malnič et al. [A. Malnič,
D. Marušič, P. Potočnik, Elementary abelian covers of graphs, J. Algebraic Combin. 20
(2004) 71–97] determined all pairwise nonisomorphic semisymmetric elementary abelian
covering projections of the Heawood graph. However, the semisymmetry of covering
graphs arising from these covering projections has not been yet verified, which was also
pointed out by Conder et al. in [M.D.E. Conder, A. Malnič, P. Potočnik, A census of cubic
semisymmetric graphs on up to 768 vertices, J. Algebraic Combin. 23 (2006) 255–294 ]. In
this paper, it is shown that all these covering graphs are indeed semisymmetric, namely,
their full automorphism groups are edge- but not vertex-transitive.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper a graph means a finite, connected, simple and undirected graph. For a graph X , denote by V (X),
E(X) and Aut (X) the vertex set, edge set and automorphism group of X , respectively. For u, v ∈ V (X), u ∼ v means that u
and v are adjacent and denote by {u, v} the edge incident to u and v in X . An s-arc in a graph X is an ordered (s+ 1)-tuple
(v0, v1, . . . , vs−1, vs) of vertices of X such that vi−1 is adjacent to vi for 1 ≤ i ≤ s and vi−1 ≠ vi+1 for 1 ≤ i ≤ s− 1. A graph
X is said to be s-arc-transitive if Aut (X) is transitive on the set of s-arcs in X . In particular, 0-arc-transitive means vertex-
transitive, and 1-arc-transitivemeans arc-transitive or symmetric. A subgroup of Aut (X) is s-regular if it acts regularly on the
set of s-arcs in X , and X is said to be s-regular if Aut (X) is s-regular. A graph X is edge-transitive if Aut (X) acts transitively
on E(X), and semisymmetric provided that X has regular valency and is edge- but not vertex-transitive.
The study of semisymmetric graphs was initiated by Folkman [5] who, among others, gave constructions of several
infinite families of such graphs and posed a number of open problems which spurred the interest in this topic. For example,
Marušič [21] constructed the first infinite family of cubic semisymmetric graphs. Based on a result of Goldschmidt [8], an
exhaustive computer search by Conder et al. [3] resulted in a complete list of cubic semisymmetric graphs on up to 768
vertices. A beautiful recent result on automorphism groups of cubic semisymmetric graphs of twice odd order was given by
Parker [23]. For more results on semisymmetric graphs, see, for example, [1,2,5,9–12,22,29].
An important tool in studying semisymmetric graphs is the covering technique. Recall that an epimorphism ℘ :X → X
of graphs is called a regular covering projection if Aut (X) has a semiregular subgroup CT(℘)whose orbits in V (X) coincide
with the vertex fibres ℘−1(v), v ∈ V (X), and the arc and edge orbits of CT(℘) coincide with the arc fibres ℘−1(u, v), u ∼ v,
and edge fibres℘−1{u, v}, u ∼ v, respectively. In particular, we call the graphX a regular cover of the graph X , and call CT(℘)
the covering transformation group. If CT(℘) is isomorphic to an abstract group N , then we speak ofX a regular N-cover of
X . If CT(℘) is cyclic or elementary abelian, thenX is called a cyclic or elementary abelian cover of X . Let ℘ : X → X be a
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regular covering projection. An automorphism ofX is said to be fibre-preserving if it maps a vertex fibre to a vertex fibre, and
all such fibre-preserving automorphisms form a group called the fibre-preserving group. Two regular covering projections
℘ :X → X and ℘ ′ :X ′ → X of a graph X are isomorphic if there exists an automorphism α ∈ Aut (X) and an isomorphismα : X → X ′ such that α℘ = ℘ ′α. In particular, if α = id, then ℘ and ℘ ′ are equivalent. If, in the above setting,X = X ′
and ℘ = ℘ ′, then we callα a lift of α, and α a projection ofα along ℘. In this case, concepts such as a lift of a subgroup of
Aut (X) and the projection of a subgroup of Aut (X) are self-explanatory. A regular covering projection℘ :X → X is vertex-
transitive (edge-transitive) if some vertex-transitive (edge-transitive) subgroup of Aut (X) lifts along ℘, and semisymmetric
if it is edge- but not vertex-transitive.
As one of the first applications of covering techniques in the studying of semisymmetric graphs, Malnič et al [19]
classified cubic semisymmetric graphs of order 2p3. Furthermore, Malnič et al. [18,19], Wang and Chen [28] classified
semisymmetric cyclic or elementary abelian covers of the complete bipartite graph K3,3, when the fibre-preserving group
is edge- but not vertex-transitive. Using the method developed in [16,17], the semisymmetric elementary abelian covers of
the Möbius–Kantor graph were considered by Malnič et al in [15] and the authors in [7]. In [17], Malnič et al determined
all pairwise nonisomorphic semisymmetric elementary abelian covering projections of the Heawood graph. They remarked
that the covering graphs arising from these covering projections are good candidates for semisymmetric graphs, and it was
again pointed out in [3, line 22, pp. 263] that the semisymmetry of these graphs has not been yet verified. The purpose of
this paper is to prove that all such covering graphs are indeed semisymmetric.
2. Preliminaries
The Frattini subgroupΦ(G) of a finite group G is defined to be the intersection of all maximal subgroups. Let p be a prime
and G a finite p-group. Denote by G′ the derived subgroup of G. Set Gp = ⟨gp|g ∈ G⟩. The following proposition is called the
Burnside Basis Theorem.
Proposition 2.1 ([24, Theorem 5.3.2]). Let G be a p-group. Then Φ(G) = G′Gp. If |G : Φ(G)| = pr , then every generating set of
G has a subset of r elements which also generates G. In particular, G/Φ(G) ∼= Zrp.
Let X be a cubic symmetric graph and let G be an s-regular subgroup of Aut (X) for some s ≥ 1. Let N be a normal sub-
group of G. The quotient graph XN of X relative to N is defined as the graph whose vertices are the orbits of N on V (X) with
two orbits adjacent if there is an edge in X between vertices lying in these two orbits. In view of [13, Theorem 9], we have
the following proposition.
Proposition 2.2. If N has more than two orbits, then N is semiregular on V (X) and XN is a cubic symmetric graph. Furthermore,
N is the kernel of G acting on V (XN), and G/N is an s-regular subgroup of Aut (XN).
The following proposition is due to Feng and Kwak.
Proposition 2.3 ([6, Lemma 3.1 and Theorem 3.3]). Let X be a connected cubic graph of order 2pn with an odd prime p and a
positive integer n. If n ≥ 2, then any minimal normal subgroup of Aut (X) is an elementary abelian p-group. Furthermore, if
p > 3 and Aut (X) has a normal Sylow p-subgroup, then Aut (X) has a 1-regular subgroup.
For a finite group G and a subset S of G such that 1 ∉ S and S = S−1, the Cayley graph Cay (G, S) on G with respect to S
is defined to have vertex set G and edge set {{g, sg} | g ∈ G, s ∈ S}. It is seen that a Cayley graph Cay (G, S) is connected
if and only if S generates G. A vertex-transitive graph is isomorphic to a Cayley graph on G if and only if its automorphism
group contains a subgroup isomorphic to G acting regularly on its vertex set (see [25, Lemma 4]).
Lemma 2.4. Let p > 3 be a prime and let X be a connected cubic graph of order 2pn for a positive integer n. Let G ≤ Aut (X) be
arc-transitive on X. Assume that G has a normal abelian Sylow p-subgroup, say P. Then there exists an involution α in Aut (X)
such that α maps each element of P to its inverse and ⟨P, α⟩ acts regularly on V (X). Furthermore, P ∼= Zpℓ1 ×Zpℓ2 with ℓ1 ≥ ℓ2.
Proof. By Tutte [26,27], the stabilizer Gv of a vertex v ∈ V (X) in G has order dividing 48, and hence |G||2s · 3 · pn with
(1 ≤ s ≤ 5). Since p > 3, P acts semiregularly on V (X) with two orbits, say ∆ and ∆′. Set ∆ = {∆(h)|h ∈ P} and ∆′ =
{∆′(h)|h ∈ P}. One may assume that the actions of P on ∆ and ∆′ are just by right multiplication, that is, ∆(h)g = ∆(hg)
and∆′(h)g = ∆′(hg) for any h, g ∈ P . By arc-transitivity of G onX , there is no edge in∆ and∆′, implying that X is bipartite.
Let the neighbors of∆(1) be∆′(h1),∆′(h2) and∆′(h3), where h1, h2, h3 ∈ P . Since P is abelian, for any h ∈ P , the neighbors
of ∆(h) are ∆′(hh1), ∆′(hh2) and ∆′(hh3), and furthermore, the neighbors of ∆′(h) are ∆(hh−11 ), ∆(hh
−1
2 ) and ∆(hh
−1
3 ).
The map α defined by ∆(h) → ∆′(h−1), ∆′(h) → ∆(h−1), for any h ∈ P , is an automorphism of X of order 2. For any
h′, h ∈ P , one has∆(h′)αhα = ∆(h′h−1) = ∆(h′)h−1 and∆′(h′)αhα = ∆′(h′h−1) = ∆′(h′)h−1 , implying that hα = h−1. Then
⟨P, α⟩ = P o ⟨α⟩ has order 2pn, and hence ⟨P, α⟩ is regular on V (X).
Set H = ⟨P, α⟩. Then X can be viewed as a Cayley graph on H . Let X = Cay (H, S). Since X is cubic and S = S−1, assume
S = {x, y, z}, where x is an involution. Then x ∉ P and hence x = g1α for some g1 ∈ P . For any g ∈ P , x−1gx = αgα = g−1.
Let y ∈ P . Then y has order greater than 2 and hence z = y−1. By connectivity of X , H = ⟨S⟩ = ⟨y⟩ o ⟨x⟩, implying that
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Fig. 1. The Heawood graphH .
P = ⟨y⟩ is cyclic. Let y ∉ P . Then y = g2α for some g2 ∈ P and y2 = g2αg2α = 1. It follows that z is also an involution and
hence z = g3α for some g3 ∈ P . Then ⟨S⟩ = ⟨xy, xz⟩ o ⟨x⟩ = P o ⟨x⟩ = H . Since xy = g1g−12 and xz = g1g−13 are in P , one
has P = ⟨xy, xz⟩. Since P is abelian, one may always assume that P ∼= Zpℓ1 × Zpℓ2 with ℓ1 ≥ ℓ2. 
3. Main results
Webegin by introducing some concepts. LetX be a graph andN a finite group. Assign to each arc ofX a voltage ζ (u, v) ∈ N
such that ζ (v, u) = (ζ (u, v))−1, where ζ : X → N is called a voltage assignment of X . Let Cov(X; ζ ) be the derived graph
from ζ , which has vertex set V (X) × N and adjacency relation defined by (u, a) ∼ (v, aζ (u, v)), where a ∈ N and u ∼ v
in X . The projection onto the first coordinate ℘ : Cov(X; ζ ) → X is a regular N-covering projection, where the group N ,
viewed as CT(℘), acts via left multiplication on itself. Moreover, it can be shown that each regular N-covering projection
℘ ′ : X˜ → X is equivalent to ℘ : Cov(X, ζ ) → X for some voltage assignment ζ : X → N . Furthermore, one can assume
that ζ = id on the arcs of an arbitrary spanning tree T . For an extensive treatment of graph coverings see [14,20].
For convenience, in the remainder of the paper we always assume that H is the Heawood graph which is depicted in
Fig. 1. For most notations used below, we just follow [17, Subsection 7.3].
Let
ρ = (0 1 2 3 4 5 6)(0′ 1′ 2′ 3′ 4′ 5′ 6′),
σ = (1 2 4)(3 6 5)(1′ 2′ 4′)(3′ 6′ 5′),
τ = (0 0′)(1 6′)(2 5′)(3 4′)(4 3′)(5 2′)(6 1′),
ω = (1 5)(4 6)(0′ 5′)(3′ 6′).
Then ρ, σ , τ , ω ∈ Aut (H). It is well known that Aut (H) ∼= PGL(2, 7). Clearly, the group H = ⟨ρ, σ ⟩ ∼= Z7 o Z3 acts
regularly on the set of edges of H . By [4, pp.285, summary], every subgroup of Aut (H) of order 21 is conjugate to H ,
and Aut (H) has exactly two proper subgroups containing H which are the normalizer NAut (H)(H) of H in Aut (H), and
the subgroup A∗ of Aut (H) fixing the two bipartite sets of H setwise. Furthermore, A∗ ∼= PSL(2, 7) and NAut (H)(H) =
⟨H, τ ⟩ ∼= Z7 o Z6 that is regular on the set of arcs ofH . See also [17, pp. 90–91] for the above facts.
For a prime p, denote by Zdp the elementary abelian group of order p
d. Let℘ : H → H be regular Zdp-covering projection.
Then one may assume that H = Cov(H; ζ ), where ζ = 0 on the arcs of the Hamilton path 5, 0′, 6, 1′, . . . , 3, 5′, 4, 6′
of H . Let a7, a0, a1, . . . , a6 denote the voltages of the arcs (5, 6′), (0, 4′), (1, 5′), (2, 6′), (3, 0′), (4, 1′), (5, 2′), (6, 3′),
respectively (see Fig. 1). In view of [3, pp. 263] and [16, Subsection 7.3], we have the following.
Proposition 3.1. Let ℘ : H = Cov(H; ζ )→ H be a regular Zdp-covering projection, along which the group H lifts, but τ dose
not lift. Then there are four infinite families of pairwise nonisomorphic regular elementary abelian covers of H satisfying
the above condition. The first two families arise, respectively, as Z3p-covers and Z
5
p-covers for p ≡ 1, 2 or 4 (mod 7), whereas
the remaining two arise as Z4p-covers when p satisfies the additional condition p ≡ 1 (mod 3). Furthermore, there are three
sporadic examples of regular Z67-covers of H satisfying the above-mentioned property. The minimal members of the first two
families are semisymmetric. The voltages a7, a0, a1, . . ., a6 of the covers related to these covering projections are explicitly given in
[16, Theorem 7.1].
The following is the main result of this paper.
Theorem 3.2. Let ℘ : H = Cov(H; ζ ) → H be a semisymmetric regular Zdp-covering projection as given in Proposition 3.1.
Then the covering graph H is semisymmetric.
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Proof. Suppose on the contrary that H is not semisymmetric. Since ℘ is a semisymmetric regular Zdp-covering projection,H is a cubic symmetric graph of order 14 · pd. Set K = Zdp and A = Aut ( H). Then K ≤ A. Let NA(K) be the normalizer of K
in A, and B the lift of H = ⟨ρ, σ ⟩. Then K E B and H ∼= B/K ≤ NA(K)/K . It follows that NA(K) acts edge-transitively on H .
Suppose that NA(K) is arc-transitive on H . Then the projection of NA(K) along ℘ is an arc-transitive automorphism group
ofH . It follows that NA(K)/K ∼= G = ⟨H, τ ⟩ or Aut (H). However, by Proposition 3.1, τ does not lift, a contradiction. Thus,
NA(K) is not arc-transitive on H . By Proposition 3.1, p ≡ 0, 1, 2 or 4 (mod 7).
Assume p ≡ 1, 2 or 4 (mod 7). By Proposition 3.1, if p = 2, then d = 3 or 5, and H is semisymmetric. If p ≠ 2, then
p > 7 and K is a Sylow p-subgroup of A. By Sylow’s theorem, |A : NA(K)| = kp + 1 for some integer k. Since B/K ∼= H ,
|B| = 21pd, and since B ≤ NA(K), one has |A : NA(K)| | |A : B|. By Tutte [26,27], the stabilizer Av of a vertex v ∈ V ( H) in
A has order dividing 48, and hence |A| | 2s · 3 · 7 · pd with 1 ≤ s ≤ 5. Consequently, kp + 1 = |A : NA(K)| | 25. If k = 0,
then NA(K) = A is arc-transitive on H , a contradiction. Thus, k > 0 and hence p = 31 because p > 7. However, 31 is not
congruent to 1, 2 or 4 modular 7, a contradiction.
Assume p ≡ 0 (mod 7). By Proposition 3.1, K ∼= Z67, and hence every Sylow 7-subgroup of A has order 77. We claim
that A has a 1-regular subgroup. If A has a normal Sylow 7-subgroup then by Proposition 2.3, A has a 1-regular subgroup,
as claimed. Assume that A has no normal Sylow 7-subgroups. Let M be a maximal normal 7-subgroup of A. Then |M| | 76
and M > 1 by Proposition 2.3. Clearly, M has more than two orbits in V ( H). By Proposition 2.2, the quotient graph HM
of H relative to M is still a cubic symmetric graph of order 2 · 7ℓ with ℓ = 77/|M|, and A/M is an arc-transitive group
of automorphisms of HM . If ℓ > 1 then again by Proposition 2.3, Aut ( HM) has a normal p-subgroup. Since every Sylow
7-subgroup of A/M is also a Sylow 7-subgroup of Aut ( HM), A/M also has a normal p-subgroup, contrary to the maximality
of M . Thus, HM has order 14 and hence it is isomorphic to the Heawood graph. Then either A/M = Aut ( HM) or A/M is
1-regular. It follows that A/M always has a 1-regular subgroup and hence A has a 1-regular subgroup.
Now we know that the claim is true, that is, A has a 1-regular subgroup, say G. Then |G| = 6 · 77. Let P be a Sylow
7-subgroup of G such that K ≤ P . It is easily known by Sylow’s theorem that P E G. If P is abelian then by Lemma 2.4,
A has an involution, say α, such that α maps each element of P to its inverse and ⟨P, α⟩ acts regularly on V (X). It follows
that α ∈ NA(K). Clearly, P ≤ NA(K). As a result, NA(K) is vertex-transitive and hence arc-transitive on H , a contradiction.
Thus, P is non-abelian. Take an involution, say a, in G, and set T = P o ⟨a⟩. Then T acts regularly on V ( H). If a ∈ NA(K),
then P o ⟨a⟩ ≤ NA(K), implying NA(K) is arc-transitive on H , a contradiction. Thus, a ∉ NA(K), that is, K a ≠ K . Since
|P : K | = 7 and P E G, one has K aK = P . It follows that |P : K a ∩ K | = 72. As K is abelian, K a ∩ K is in the center Z(P)
of P . Since P is non-abelian, K a ∩ K = Z(P) and P/Z(P) ∼= Z7 × Z7. By Proposition 2.1, the Frattini subgroup Φ(P) of P
is contained in Z(P). Clearly, Φ(P) has more than two orbits in V ( H). By Proposition 2.2, the quotient graph HΦ(P) of H
relative toΦ(P) is a cubic symmetric graph of order 2 ·7ℓ, and G/Φ(P) is arc-transitive on HΦ(P). Clearly, P/Φ(P) E G/Φ(P).
By Proposition 2.1, P/Φ(P) is an elementary abelian p-group, and by Lemma 2.4, P/Φ(P) ∼= Z7 × Z7. Then Z(P) = Φ(P)
because Φ(P) ≤ Z(P). According to Proposition 2.1, assume P = ⟨x, y⟩. Then the derived subgroup P ′ = ⟨[x, y]g | g ∈ P⟩,
where [x, y] is a commutator of x and y. As P ′ ≤ Φ(P) = Z(P) is elementary abelian, it follows that P ′ ∼= Z7. Consequently,
P/P ′ = ⟨xP ′, yP ′⟩ ∼= Z7ℓ1 ×Z7ℓ2 with ℓ1+ ℓ2 = 6. Thus, P/P ′ has at most 48 elements of order 7. This is contrary to the fact
that K/P ′ ∼= Z57 ≤ P/P ′. 
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